Europhysics Letters 



PREPRINT 



About quantum fluctuations and holographic principle in 
(4 + n)-dimensional spacetime 

p. MlDODASHVILl(*) 

Tskhinvali State University, 2 Besiki Str., Gori 1^00, Georgia 

O \ PACS. 04. 60. -m - Quantum gravity. 

PACS. 04.50.+h - Gravity in more than four dimensions, Kaluza-Klein theory, unified field 
theories; alternative theories of gravity. 
i-C ■ PACS. 03.65.-W - Quantum mechanics. 

D 
PLh 

l> 
(N 

Abstract. - In the article we present explicit expressions for quantum fluctuations of space- 
time in the case of (4 + n)-dimensional spacetimes, and consider their holographic properties 
^ ' and some implications for clocks, black holes and computation. We also consider quantum 

CO I fluctuations and their holographic properties in ADD model and estimate the typical size and 

, mass of the clock to be used in precise measurements of spacetime fluctuations. Numerical 

(N . 

estimations of phase incoherence of light from extra-galactic sources in ADD model are also 
, presented. 
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Introduction. - In this article we investigate quantum fluctuations in the spacetimes 
^ \ with extra spatial dimensions. In the first section, following Ng Y.J. and van Dam H., we 
i-S^ ' introduce explicit expressions for spacetime fluctuations in (4 -f n)-dimensional spacetime, 
present the implications for clocks and black holes and examine the holographic properties for 
, , ■ introduced fluctuations. Although our derivation of the fluctuation expressions differs from 
rN \ that proposed in [1], the results agree with each other. In the second section we investigate 
' spacetime fluctuations in the Arkani-Hamed-Dimopoulos-Dvali (ADD) model [2]. We show 
that in case of two extra dimensions fluctuations on any distance in the observable universe 
arc small as compared with the size of compact dimensions, but in the case of 1 1-dimensional 
spacetime fluctuations on the size of the observable universe become comparable with the size 
of compact extra dimensions. We also estimate the parameters of the clocks that can be used 
in precise distance measurements and show that for n = 2 clock's size is much less as compared 
with the size of extra dimensions. In this section we also investigate holographic properties 
for the fluctuations, and contrary to the conclusions of [3], explicitly show that holography 
is not destroyed in ADD model. And flnally we present numerical estimations of the phase 
incoherence of light from extra-galactic sources in ADD model. 

Before proceeding to next section let us recall some known facts for the black holes in 
the (4 -|- n)-dimensional spacetime. The Scliwarzschild solution in (4 -I- n) dimensions has the 
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form [4] (we set c ^ h = 1) 

ds'^~cj,{r)dt^ + <j>{r)-'dr^+r^dnl+^, (r) = 1 - (r5(4+„)/r) , 

- [R r R 167r A _ 27^2+^ UJ 

^S(4+n) - [-0(4+r^)<^(4+r^)"^J , £'(4+n) - (2+„)A(2+„) ' " r[(r,.+3)/2] ' 

where r5(4+„) and G'(4+„) are Scliwarzschild radius, associated with the mass m, and gravi- 
tational constant in (4 + n)-dimensional spacetime respectively. A(2+n) denotes the area of 
the unit (2 + n)-sphere. The (4 + n)-dimcnsional Planck length, time and mass are defined as 
follows 

*Pi(4+n) - rpi(4+n) - ™p;(4+«) - (i+n) ' 

Quantum fluctuations of spacetime , clocks, black holes and limits on computation in (4 + 
n)- dimensional spacetime. - In this section, following the arguments proposed by Ng and 
van Dam [1] , we analyze the thought experiment of distance and time measurement in the case 
of (4 + n) dimensions, write down explicit results for fluctuations of spacetime and consider 
implications for clocks, black holes and computation. 

It is well known in general relativity that coordinates do not have any intrinsic meaning 
independent of observations; any coordinate system is defined only by explicitly carrying out 
spacetime distance measurements. In order to measure the distance between two points A 
and B, one puts a clock at A and a mirror at B. By sending a light signal from the clock to 
the mirror in timing experiment, one can determine the distance I. Let m be the mass of the 
clock. If the clock has the initial linear position spread when the light signal leaves it, 
then its final position spread grows to 

51 = Skn + l[m5lin)~^ , (3) 

when the light signal returns to the clock. The minimization of the final spread with respect 
to Slin gives 

SI - 2(Z/m)i/2, (4) 

so quantum mechanics alone suggests a massive clock to reduce the uncertainty in distance. 

Now suppose in the measuring of distance one uses the light-clock consisting of a spherical 
cavity of diameter a, surrounded by a mirror wall of mass m, between which bounces a beam 
of light. The inevitable uncertainty in distance measurement caused by the clock is 

61 a ^ (3rsi4+n)- (5) 

Obviously, in order that the clock is not a black hole, one must suppose that the dimensionless 
quantity /3 > 1. The uncertainty (5) according to (1) increases with mass of clock, so the 
general relativity suggests a lightweight clock to do the measurement. 

The total uncertainty in distance measurement can be written as the sum of (4) and (5) 

6ltot-2il/my/^ + Prs^4+n)- (6) 
The minimization of (6) with respect to clock's mass gives the minimum uncertainty in distance 

, \l/(3+n) /(3 + n)"^+" \l/(3+") 

Taking the size of the clock as small as possible (i.e. /? ~ 1) and neglecting numerical factors 
of order 1, for the uncertainty in distance measurement one gets 



(8) 
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From cq.(8) one can also estimate the minimum measurable space distance by equating 61 — 1, 
and the minimum measurable length is ^min lpi{A+n)- 

Considering similar gedanken experiment of measuring a time interval t and neglecting 
numerical factors, one easily gets an analogous expression for the corresponding uncertainty 
5t in time: 



St-iK'lU-.n^ ■ (9) 



_ l/(3+n) 

The uncertainties in distance and time can be translated into a metric uncertainties over a 
distance I and a time interval t caused by the quantum fluctuations in the fabric of spacetime 

- (ZpU4+„)/0^'+"^/^='-*""\ (tpU4+„)/i)('+")/('+"' . (10) 

Using these results one can find upper bound on the lifetime of a simple clock [1]. Indeed, 
if the time resolution of the clock (i.e., the smallest time interval it is capable to measure) is 
T, then its lifetime can be defined as the maximum measurable time interval T during which 
its time resolution exceeds the corresponding time fluctuation (9). Thus 

/ \ l/(3+n) 

from which for the lifetime of the clock one gets 

T<r(r/tp,(4+„))'+". (12) 

If one considers a black hole as an ultimate clock, then its time resolution is given by the light 
travel time across the black hole's horizon, i.e. tbh ~ ^s(4+n)! ^-nd from (12) the lifetime of 
the black hole is given by 

Tbh ~ m];i(4+„)(m/mp,(4+„))('+"^/(^+"^ (13) 

which is in accordance with the result previously obtained in [5]. 

The relation eq.(12) also can be used to put a limit on the memory space of any simple 
information processor. Indeed, the maximum number / of steps of information processing 
can be estimated by / = T/r, where T is the lifetime of processor with processing frequency 
V = T^^, and so from eq.(12) one immediately gets 

/-^+"<(t^;+„))"\ (14) 

the bound which is universal in that it is independent of the mass, size and details of the 
simple computer. 

And finally in this section let us investigate the holographic properties of spasetime fluctua- 
tions in (4+n)-dimensional spacetime. Consider a spatial region of volume V(4_|_„) ('hypercube' 
measuring lxlxlx---xl = /'^+"). The number of degrees of freedom Ny^^^^^ contained in 
the region is bound by the maximum number of the small hypercubes that can be put inside 
the region. But each side of the small hypercubes cannot be smaller than the accuracy 61 with 
which can be measured each side / of taken spatial region, i.e. the side of small hypercube 
obeys eq.(8). Thus one has 

^V(,,„, ~ /^+7 iSlf+- < (//?P,(4+„))'+" , (15) 

and so the uncertainties in distance caused by the quantum fluctuations satisfy the holographic 
counting of degrees of freedom. 
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Quantum fluctuations of spacetime and their implications in the ADD model. - In this 
section, by using the results introduced above, we consider quantum fluctuations of spacetime 
and their implications in the Arkani-Hamed-Dimopoulos-Dvali (ADD) model [2] with n extra 
spacclike compact dimensions of size L and low fundamental scale ?7ip;((4_|.„)) ~ Tev. Within 
the framework of this model the links between 4- and (4 + n)-dimensional physical values can 
be written as follows 

^ r> l+n 2 l2+n 

^(i+n) ^5(4+n) ^ Pl(A) 2+n ,2 _ ^Pi(4+n)_ 

G(4) - , r5(4) - - "Vi(4+n) . ' — (16) 

It is reasonable to assume that L ^ lpi{4+n); otherwise the extra dimensions would not 
have a classical spacetime structure. In this case from eq.(16) one gets lpi(4+n) ^ lpi{4) - and 
thus L > lpi{4:+n) > lpi(4)- 

Neglecting numerical factors of order 1 and using (16), from (8) one can estimate the dis- 
tances at which fluctuations become comparable with the size L of compact extra dimensions, 
i.e. 61 ~ L, 

? - L(L/;p,(4+„))2+" ^ l^L{L/lpi^4)f. (17) 

Putting mpi(^4^n) = 1 TeV and using lpn4) ^ 10^^^ m for the size of extra dimensions one 
gets 

L - io30/"-i9 m, (18) 
and then, from (17) easily can be found 

I ^ io90/"+i3 (19) 

For n ~ 2 one gets I ^ 10''^ m, which is much greater then the size of the observable universe 
^universe ^ 10^° light-ycars ~ lO'^^ m, thus in 6-dimensional spacetime fluctuations on any 
distances in the observable universe is much less as compared with the size of compact extra 
dimensions. We notice that for n = 7 one gets I ^ ^universe, i-e. in case of 11-dimensional 
spacetime the fluctuations on the distances of the order of the size of observable universe 
become comparable with the size of compact dimensions. 

One can readily estimate the size of clock to be used in the measurement of fluctuations 
a/L ^ rs[4+n}/L ~ {llpif^^-^/L^y/'--'^^^^\ from which, using (18), even for the distances equal 
to the size of the observable universe in cases n = 1 and n = 2, one has a/L ~ 10~^^ and 
a/L ^ 10~^ respectively. So in this cases a ^ ?'s(4+n) ^ L. One can also estimate the mass of 

the clock m ~ TO_pi(4+ra)(Z/^PK4+"))^^^"^^^'^^"^- ^^^^ ' ^ 'pi(4+n) the clock's mass satisfies 
the inequality m ^ wp((4+n)i i-S- the clock is well described in the framework of unquantizcd 
gravity. 

In order to discuss holographic properties of fluctuations in distance in ADD model, one 
considers space region in the form of hypercube of characteristic size I. li I < L, then volume 
of the region V(4+„) ~ Using (8) and neglecting numerical factors, for the number of 

degrees of freedom iVy^^^^^ contained in the region one gets 

iVv,,+„, ~ I'-'V {Slf"-'' < (V^p;(4+«))'^" , (20) 

i.e. the uncertainties in distance satisfy the holographic principle in purely (4-|-n)-dimensional 
form. If the characteristic size of the hypercube I > L, then its volume V(4_|_„) (the region 
measures I x I x I on the brane) is equal to V(4_|_„) ~ V(^4')VEtraSpase ~ I'^L" (in the definition 
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of extra space volume VExtraSpace ~ the numerical factor of order 1, depending on the 
exact form of compact extra dimensions, is ignored). Thus, neglecting numerical factors, from 
eq.(8) for the mmrber of bits in this region one gets 

iVy,,^„, < V^,+n)/Sl'J,: - l'Ly{lll]-^^^) ^ PLy{mi%^,^) ^ (/V^PU4))' (21) 

i.e. the holographic principle is satisfied and effectively it has 4-dimensional form. Our 
conclusions about the holography in ADD model are different from those obtained in [3], 
where a different bound from gravity was used. (^) The origin of the difference we have 
considered in more details in our previous letter [6]. 

In conclusion, let us numerically estimate the effects of spacetime fluctuation in ADD 
model with n=2. In the first instance, in the case n = 2 and L '-^ 100 /jm on the size 
of the whole observable universe (~ 10^" light-years) the fluctuation in the ADD model is 
(5/(g) ^ 10~^^ m, whereas in the purely 4-dimensional case the fluctuation is /(4) ~ 10~^^ 
m [1]. Furthermore, according to the classification proposed in [1], the ADD spacetime foam 
corresponds to the model with a ~ {2 + n)/{3 + n). Thus, following [1], one can also estimate 
the phase incoherence of light from extra-galactic source in this model 

A0(4+„) ^ 271 (?p,(4+„)/A)" (VA)'-" , (22) 

where A is the wavelength of received radiation from a celestial source located at a distance I 
away. Using (18) it is straightforward to write 

A0(4+„) - 10i«-i8/(3+») (Zp,(4)/0"/^'+'"^ A</,(4), (23) 

where A0(4') is the phase incoherence in purely 4-dimensional spacetime [1]. For the active 
galaxy PKS1413-hl35, for which A « 1.6 x IQ-e m and / w 1.216 Gpc « 3 x lO^^ m, in 
case n = 2 one gets A^^g) ~ IC* A0(4') , i.e. the phase incoherence of light is greater by 4 
orders in ADD model as compared with the purely 4-dimensional case. So it is worthwhile to 
estimate other possible effects of spacetime fluctuations in ADD model in the view of testing 
in experiments. 

* * * 

The author is indebted to Ng Y.J. for valuable remark and to Gogberashvili M. and 
Maziashvili M. for useful conversations. 
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('^)according to [3] holography is destroyed when extra dimensions are admitted; note that in [1] (last reference 
in it) Ng Y.J. also noticed the conclusions of [3] as different from his own results. 



